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Steady flow of a completely ionized plasma between parallel  plates 

moving in their own plane in the presence of an electr ic field is 
examined. The distribution functions of the ions and electrons are 
derived from the kinetic 8oltzmann equations supplemented by equa- 

tions for the electr ic  field, The solution is constructed by means of 

a variation of the method of moments; at the same time, it is as- 
sumed that momentum is transferred only by ions and heat is trans- 

ferred by electrons. The analysis takes into account near collisions 
between particles for an arbitrary degree of rarefaction of the plasma, 

An example of calculat ion of the principal characteristics of the flow 
is given. 

The boundary problems connected with the presence of solid surfaces 
in the flow are of far less practical importance in plasma dynamics 
than in gasdynamics. This is because a plasma can exist only at very 
high temperatures which destroy the majority of materials to a greater 
or lesser extent. As a rule, in order to contain a plasma within defin- 
ite bounds, strong magnetic fields are utilized, not solid walls. Never- 
theless, consideration of problems with bounding surfaces is still of 
definite interest in the case of plasma. An approximate solution of 
one of the simplest problems of this kind is given below. 

1. Let  a c o m p l e t e l y  ionized p l a s m a  f i l l  the space  
be tween  two inf ini te  p a r a l l e l  i m p e r m e a b l e  planes,  one 
of which moves  to the r ight  and the o the r  to the lef t  at 
cons tant  v e l o c i t i e s  U/2  (Fig.  1). The  t e m p e r a t u r e s  of 

the p la tes  a r e  a l so  constant ,  even  though they d i f fe r  
in the gene ra l  e a s e ;  without l o s s  of genera l i ty ,  we 
can c o n s i d e r  that  the t e m p e r a t u r e  of  the upper  p la te  

is  h ighe r  than that  of  the lower  one Tu > Td. The en-  
t i r e  s y s t e m  is  within s o m e  ex t e rna l  e l e c t r i c  field, 

whose in tens i ty  v e c t o r  l i e s  in the xy-p lane .  The p la tes  
t h e m s e l v e s  a r e  not cha rged  and a r e  d i e l e c t r i c s .  

The d i s t r ibu t ion  function of the ions Fi and the e l e c -  
t rons  F e sa t i s fy  the Bol t zmann  equat ions  

OFt Ze a OF i 
y +  + e' N = hp,, 

3=1 

OF, �9 3 E OFe 
at "4- (e. ~Y) F~ ~ me i~__ r ~ T q  = AF'" (121) 

Here  e is  the uni t  cha rge ,  m i o r  m e the m a s s  of a 
p a r t i c l e ,  E s the v e c t o r  of the to ta l  in tens i ty  of  the 
e l e c t r i c  field,  Z is  the mu l t i p l i c i t y  of  the c h a r g e  on 

the ion, and the r igh t  s ides  of the equa t ions  include 
i n t eg ra l  o p e r a t o r s  c h a r a c t e r i z i n g  the ef fec t  of c o l l i -  
s ions  of p a r t i c l e s  of a g iven  kind among  t h e m s e l v e s  

and with p a r t i c l e s  having  the oppos i te  c h a r g e .  In the 
absence  of a magne t i c  f ield,  E s can be r e p r e s e n t e d  
as the sum of two t e r m s  

E, = E0 + E, (1 .2 )  

the  f i r s t  of which c o r r e s p o n d s  to the e x t e r n a l  e l e c t r i c  

f ie ld,  whi le  the second c h a r a c t e r i z e s  the potent ia l  

f ield set  up by the space  cha rge  and de te rmined  by 
.. P o i s s o n ' s  equation 

~ E  = 4 ~  ( Z n ~ - -  n.) . (1.3) 

The symbols  ni and n e denote the number  dens i t i e s  
of the p a r t i c l e s .  

In acco rdance  with the condi t ions  of the given p rob-  
lem, the left  s ides  of Eqs.  (1.1) can be s impl i f ied  
somewhat .  Thus,  by v i r tue  of the s t e ady - s t a t e  na ture  
of the p r o c e s s e s  under  cons ide ra t ion ,  the t i m e  d e r i v -  
a t ives  vanish,  and by v i r tue  of the g e o m e t r y  of the 
p rob lem,  i t  i s  n e c e s s a r y  to equate the d e r i v a t i v e s  

with r e s p e c t  to x, z, and Cz to ze ro .  
F o r  an approx ima te  solut ion of the p rob lem,  we 

shal l  go f r o m  the Bol tzmann  equat ions to momen t  
equat ions  obtained f r o m  (1.1) by mul t ip ly ing  by some 
function of the m o l e c u l a r  ve loc i t i e s  ~(c x. Cy, Cz) and 
in t eg ra t ing  o v e r  the en t i r e  range of  va r i a t ion  of the 
l a t t e r .  In our  case ,  we obtain m o m e n t  equat ions  of 
the f o r m  

_ So.F= Z.e~..  g"eE'~ F= dV + - -  ~ ~ F., dV + A,~ 
ma~ rt~t tJ OCt~ 

Oo oO oo 

The subsc r ip t  a in Eq.  (1.4) may  take va lues  i o r  
e; and Z i =  Z, Z e = - 1 .  

In addi t ion to equat ions  l ike (1.4), we need Eq. 
(1.3), which, in this  case ,  t akes  the f o r m  

dz, = 4he (Zni - -  n,), (1.5) dy 

and the condi t ion of i r r o t a t i o n a l i t y  of the e l e c t r i c  field, 
w r i t t en  in the f o r m  

d , , ~  , 
- - t~o~ + F-x~ = O. (1 .6 )  dy 

To sa t i s fy  condi t ion  (1.6), we can se t  without  loss  
of g e n e r a l i t y  

Ex ---= 0, Eo~ = const = E o �9 

We shall  make  use of the method proposed  by Lees  

and Liu [1], r e p r e s e n t i n g  each  of  the r e q u i r e d  func-  
t ions  by two Maxwel l i an  d i s t r ibu t ion  funct ions:  

F ,  = ,v,, = 0 . 7 )  

m= ~,'. ( % - -  v.,.=,)-" + c~, ~ + c 2 
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F ,  = F., = (1.7) 
(cont 'd) 

/ '% '," r (c~--~,..)~+c,"+c~Ztwhenj 
= n"~'e2~) expi--m" z~T,,, %>o. 

The quant i t ies  n~l  , no~, T~l ,  Tc~2, Vx~l, and Vx~ 2 

in exp re s s ions  (1.7), funct ions  of the y-coordinate~ 
should be de t e rmined  with the aid of m o m e n t  equa-  
t ions  like (1.4) with six funct ions c j  (j = 1, 2 . . . . .  6) 
for each kind of pa r t i c l e .  

When a gas consisting of neutral particles is investigated by a 
similar method, representing the distribution function in accordance 
with (1.7) ensures an exact solution of the boundary problem for the 
Boltzmarm equation in the limiting case of free-molecule flow. When 
studying a plasma, we can no longer completely satisfy gqs. (1.1) 
this way, even when there are no colli~ons between particles. How- 
ever, the object of this method is not to construct an exact solution 
of the Boltzmav~n equations, and on going to the moment equations, 
representation in the form of (1.7) is very convenient from the stand- 
point of formulating boundary conditions and evaluating the integrals~ 

2. The se lec t ion  of the funct ions  r is  to a c e r t a i n  
extent  a r b i t r a r y .  As the f i r s t  four  functions,  we take 
the quant i t ies  m:, m~c:~, m,,%, ~/~rn~, (c~ ~ + c~ ~ ~ c~). These  
funct ions  a re  addi t ive i n v a r i a n t s  of the co l l i s ions ;  
thus,  when they a re  subs t i tu ted  in  equat ions  l ike (1.4), 
the i n t e g r a l s  A~ ~v tu rn  out to be nonzero  only due to 
exchange of m o m e n t u m  and ene rgy  be tween  pa r t i c l e s  
of type cz and opposi te ly  charged p a r t i c l e s ;  the in te -  
g ra l  Ao~go I which van i shes  due to absence  of m a s s  
t r a n s f e r  between p a r t i c l e s  is  an except ion.  On the 
bas i s  of the r e m a r k s  made here ,  one can set, in ac -  
co rdance  with defini t ion,  

A,,qh = O, A , %  = f rn~,c.,AF, dV = R ~ ,  

A=% = R~,, A~ = Q~, (2.1) 

The in tegra l  t e r m s  in the r ight  s ides  of (2.2) play 
a l e s s  impor t an t  role than the p reced ing  ones and can 
be evaluated approx imate ly  by rep lac ing  the in teg ra l  
ope ra to r  A F ~  by a s impl i f ied  model .  Fol lowing the 
example  of r e f e r ence  [2], we take 

Pit 
Q (2.3) 

. y .  l / l ( /  

J 
~f/// / / / / / / / / / / ' / / / / / / /~ 

Fig. 1 

dr 

(l-Me 

r~ 

Here  pa  denotes  the pa r t i a l  p r e s s u r e ,  ~z the v i s -  
cos i ty  coeff ic ient  of pa r t i c l e s  of the given type, c o r -  
responding  to the second approx imat ion  of the Chap- 
m a n - E n s k o g  theory  [3], F~  (0) is the Maxwell ian d i s -  
t r ibu t ion  funct ion.  

Subst i tu t ing (2.3) in the in tegrand  of fo rmulas  (2.2) 
and taking into c ons i de r a t i on  that  

f w~u'uF.(~ dV = lwuuaF.(~ dV = 0 

and a lso  r eca l l i ng  the def ini t ion of the heat  flux vec to r  
and the s t r e s s  t e n s o r  

= t ~ m. lw~w~F~dV,  q.  -2- m .  l ww F .  dV, P.~ = 

where  R~ denotes  the force  caused  by co l l i s ions  of 
p a r t i c l e s  of the type ~ with oppos i te ly  charged p a r -  
t i c les ,  and Q~ the ene rgy  d i ss ipa ted  as a r e s u l t  of 
such co l l i s ions .  

Two m o r e  funct ions  cpj a re  needed, for which we 
take % = m,,c~cu, % = V~_m~,% (c:~ 2 + cu 2 -~- c~'). In the gen-  
e ra l  case,  the co l l i s ion  i n t e g r a l s  Ace,s and AceCG c a n -  
not be found ana ly t ica l ly ,  and the r e s u l t  of t he i r  nu -  
m e r i c a l  d e t e r m i n a t i o n  depends on the law of i n t e r a c -  
t ion be tween  p a r t i c l e s .  However,  in these  i n t eg ra l s ,  
it  is  not diff icul t  to i so la te  the t e r m s  c o r r e s p o n d i n g  
to fo rmu la s  (2.1).  Thus,  i n t roduc ing  the d e t e r m i n a -  
t ion of the t h e r m a l  pa r t i c l e  ve loc i ty  by the fo rmula  
w = c - v ~ ,  we obta in  

A~% = I m~'c:~cuAF~ dV 

v,~.R~ q- f m~w~wvAF~ dV (2.2) 
,I  

we obtain 

l Pet ]gxya, m,Lw:~wuAF~ dV ~ ~ it ~ 

+ I m.u '~w'AF,  dV ~ - -  p" 

F o r m u l a s  (2.2) can  now be r e w r i t t e n  in the fo rm 

Art% ~ vxaRv= - -  ~ Pxw, 

1 s Psi A ~ 6  = -~ vx~R~.--  -~ (v~P~w + q~)o ( 2 . 4 )  

The v i s cos i t y  coeff ic ients  for  charged pa r t i c l e s  
i n t e r a c t i n g  by the Coulomb law can be exp re s sed  as 

in [3] 
5 [.,,kr, ~,/.(zk% ~ 

72011 
A, (2) = 2 [In (i + v0~ ~) i U- v0,~] ' 

I f (e,.-" - -  %2 + c S) AF~ dV : 1 2 

+ v.,~ m~w~wuAF, dV + ~ m.w u (wx ~ + wu ~ + wz ~) Ab'~ dV. 

4dkT a 
v0t-- Z2~  (Zr Z~=-- l ) .  (2.5) 

Here  d is the a ve r a ge  d i s t ance  be tween p a r t i c l e s .  
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We in t roduce  the notation 

I ~  = rn~ I cx%'Fa d V ,  Ie~ = -5" ~ eu ~ ' r ,  dV.  (2.6) 

The momen t  equat ions  l ike (1.4) fo r  the functions 
~pj (j = 1, 2 . . . . .  6) se lec ted  can now be wr i t t en  in the 
f o r m  

dP xy~ 
ff.~ (n~,v~r = O, dy = Z~,n,,eEo -b R:~,, 

dPvlta 
dy = Z~,n~eE~ -a t- R ~ ,  

ff--~ ( v~P ,u~  + qua) = Z~n~eEov~,~ -4- Q~,  

dlsa Pa 

d l  k eg 0 3Z a egu 

t 2~ Pa �9 
+ "5" v ~  l'ql~, ~ ~ tVx~,l"xu,, "4- qv~,). (2.7) 

With the aid of the second equat ion of  (2.7), the 
fourth equat ion is t r a n s f o r m e d  into the m o r e  conve -  
nient  f o r m  

Pxlta - ~ -  .-~- - ~  dvxa dqlta = - - R ~ v ~ , , ,  --}- Q~, . (2.8) 

If  we a s s u m e  that  the p r o c e s s  of n e a r  co l l i s i on  of 
an e l e c t r o n  and an ion p o s s e s s e s  the s a m e  p r o p e r t i e s  
as  the p r o c e s s  of  e l a s t i c  co l l i s i on  of  smooth  bodies,  
then it  i s  not d i f f icul t  to obtain the r e l a t i onsh ip  

R~ = - - R , ,  

Qt + Q~ = ~ (Rivt  + R,ve) = R ~ ( v ~ i - -  v~).  (2.9) 

The dependence  of the quant i t i es  in Eqs .  (2.7) on 
the convent ional  "f low p a r a m e t e r s "  c o r r e s p o n d s  to 
r e p r e s e n t a t i o n  of a two-f low funct ion by f o r m u l a s  
(1.7) and takes  the f o r m  

t na~Vxa ' ~ r~aVx~ j 

Vy~t = ~ - ~ a  / n a, + n a, ' 

k 

V 
na,Yxa2~) 

3 

k 
-P ~ a  = P~z~ : --if- (na,T~, + n~,,T~,,), 

[m e kT a ,~'/, 
Pxu~ = ~ : ~  ) n~, ( v = . - -  Yx~,) , 

n,<, (m<,aT=,l'l,[4 k 
q u a = 2 \ ~ ]  k ~-~( l 'a , - -Ta , ) - - } -  

v ~ Vx~,)] , 

k 
I~ ,  : -2- (na,T,,vx~, q- n~, T~:z'.,~), 

+ ~ (~r..) + v,,~ 

(2.10) 

3. Cons ider ing  the s t eady - s t a t e  mot ion of p l a sma  
under  the condit ions of the g iven prob lem,  it  is  natu- 
ra l  to a s s u m e  that  the t e m p e r a t u r e s  of the ions T i 
and the e l e c t r o n s  Te,  and a lso  the dens i t i e s  n i and 
ne, a r e  of the s a m e  o r d e r  of magni tude .  If we a lso  
a s s u m e  that  the m a c r o s c o p i c  ve loc i t i e s  of both c o m -  
ponents  a r e  not of  an o r d e r  h i g h e r  than the c o r r e -  
sponding a v e r a g e  t h e r m a l  ve loc i t i e s ,  then one can ob-  
ta in  impor tan t  e s t i m a t e s  fo r  the d i sp l acemen t  s t r e s s  
P x y a  and the hea t  flux qy~ f r o m  an examina t ion  of 
f o r m u l a s  (2.10). Indeed, i t  can be seen  f r o m  these  
f o r m u l a s  that, o the r  condi t ions  being equal,  

Bea r ing  in mind the s m a l l n e s s  of the quanti ty 
~;m-:6 / m~, we conclude that  i t  is pos s ib l e  to neg lec t  

the quant i t ies  Pxye  and qyi as  c o m p a r e d  with Pxyi  
and qye, r e s p e c t i v e l y .  

In order to simplify the formulation of the boundary conditions 
when solving the problem of Couette plasma flow, we shall consider 
that the particle charge is not changed when the particles are re- 
flected from a surface. Moreover, in accordance with the assump- 
tions made above, we assume that when ions are reflected, there is 
total accommodation of the tangential component of the momentum 
and when electrons are reflected, there is total accommodation of 
the thermal energy to conditions on the surface. In other words, the 
macroscopic velocity of reflected ions at the surface is equal to the 
velocity of motion of the plate, and the temperature of the reflected 
electrons at the point of reflection is equal to the temperature of the 
plate. 

As appea r s  f r o m  the above, the t rue  d i s t r ibu t ion  
of the m a c r o s c o p i c  ve loc i t y  of the e l e c t r o n s  is  not 
i m p o r t a n t  in d e t e r m i n i n g  the total  d i s p l a c e m e n t  s t r e s s  
in the flow. Thus,  fo r  example ,  one can  a s s u m e  that  
v~e, = v~,.,, v~,, = v,~,; as  we shal l  see l a te r ,  th is  m e a n s  
tha t  v~e = v~ = vx. Turn ing  to the p r o b l e m  of the t e m -  

p e r a t u r e  of the ions and b e a r i n g  in mind the s ta t ion-  
a r i t y  of the p r o c e s s e s  under  inves t iga t ion ,  we shal l  
c o n s i d e r  the p l a s m a  to be in equ i l ib r ium,  that  is ,  we 

shal l  se t  Ti l  = Te l  = T 1 and Ti2 = Te2 = T2; as  we 
shal l  see  l a t e r ,  t he se  two r e l a t i onsh ips  a r e  equ iva len t  

to the condi t ion Ti  = Te .  
We shal l  c o n s i d e r  the dens i ty  of the ions to be p r o -  

por t iona l  to the dens i ty  of the e l e c t rons ,  that  is,  m, = 
= Dn, , ,  ni, ~ Dne,, nt = Dn~.'The p ropor t i ona l i t y  f a c -  
t o r  D depends  in th i s  c a s e  on the d e g r e e  of  r a r e f a c -  
t ion of the p l a s m a  and on the mul t ip l i c i ty  of the cha rge  
on the ions Z. The  to ta l  dens i ty  of the p l a s m a  wil l  be 

e x p r e s s e d  as 

n = ni + n, = (t + D) ne, (3.1) 

with analogous  e x p r e s s i o n s  fo r  n 1 and n 2. Taking these  

a s s u m p t i o n s  into account ,  the boundary  condi t ions  of 
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t he  p r o b l e m  t a k e  the  f o r m  

v~, = ~/~U, T~ = T~ = z T a w h e n  v = ka. ( 3 .2 )  

The last condition in regard to density should have been formu- 
lated in a somewhat different way; essentially, we should have given 
here the total mass of Some vertical column of the substance partici- 
pating in the motion. However, since this mass was not previously 
known, this integral condition can be replaced by a simpler one, as 
in (3.2); however, the exact value of the constant will be determined 
after solving the entire problem, it is necessary to add to the condi- 
tions (3.2) the condition of impermeability of both surfaces vya = 0 
when V = ~/2 a [(23, -- t) +_ l].We note that, integrating the first 
equation of (2.7), taking ~his condition into account, we obtain 
Vyc~ --- 0 over the whole flow field; the satisfaction of the last iden- 
tity is assumed in deriving certain equations. 

As a r e s u l t  of  t h e s e  a s s u m p t i o n s ,  t h e  n u m b e r  of  
u n k n o w n  f u n c t i o n s  in  E q s .  ( 2 .7 )  to  b e  s o l v e d  j o i n t l y  

w i t h  Eq.  ( 1 . 5 )  i s  d e c r e a s e d .  M a k i n g  u s e  of  t h i s  f a c t  

a n d  r e c a l l i n g  r e l a t i o n  (2 .9 ) ,  we e l i m i n a t e  t he  q u a n t i -  

t i e s  Rxc ~ and  Ryc~ f r o m  t he  s y s t e m  (2 .7 ) .  T h u s ,  by  
a d d i n g  t e r m w i s e  t h e  s e c o n d  e q u a t i o n s  of  t h i s  s y s t e m ,  

w r i t t e n  f o r  a = i and  a = e, we ge t  

No dE.~ 
dP~ui -- (Zni - -  ne) eEo = ~ --~y , 

dy 

s i n c e  P x y e  -= 0 by  h y p o t h e s i s .  In a l i ke  m a n n e r ,  w r i t i n g  
P y y i  + P y y e  = Pyy ,  we  o b t a i n  f r o m  t h e  t h i r d  e q u a t i o n s  

of  t h e  s a m e  s y s t e m  

dPw~ 1 dE 
dy "~ " ~  E _dyU 

///////z4 r 

p ol ae~ 

-g$ 0 Y5 

Fig .  2 

The fifth and sixth equations of system (2.7)should, 

generally speaking, be considered separately for ~ = 

= i and ~ = e. This means, in particular, that the ra- 

tios nil/ne I = D 1 and ni2/ne2 = D 2 can be variables not 

equal to each other. However, if we consider the plas- 

ma as a whole and take into account that there cannot 

be large deviations from quasi-linearity in it, we can 

approximately set D I = D 2 = D = const, thus obtaining 

the relation (3.1). However, it is obvious from the 

foregoing that along with acceptance of the relation 

(3. I), it is necessary to reject consideration of the 

fifth and sixth equations of system (2.7) for each of 

the components separately. Therefore, we adopt the 

notation Isi + 15e = 15 and meI6i + meI6e = 16, and intro- 
duce equations for determining the functions 15 and 16; 

t h e  e q u a t i o n s  o b t a i n e d  wi l l  b e  g i v e n  s o m e w h a t  l a t e r  
f o r  t h e  c a s e  of  s m a l l  ion  M a e h  n u m b e r s .  

y 

! I,.A//! , , / / !  

2 3 4 

Fig. 3 

Turning to formula (2.5), we express the viscosity 

coefficient as 

[~, = B V - ~  T%' ( 3 . 3 )  

w h e r e  t h e  c o n s t a n t  c o e f f i c i e n t  B i s  a s s u m e d  no t  to  
d e p e n d  o n  t he  t y p e  o f  p a r t i c l e ;  t h i s  c o n d i t i o n  i s  s t r i c t -  

ly  s a t i s f i e d  o n l y  f o r  a q u a s i l i n e a r  p l a s m a  w i t h  Z -- 1. 

In  m a n y  c a s e s ,  i t  i s  p e r m i s s i b l e  to  l i n e a r i z e  f o r m u I a  
( 3 . 3 )  w i t h  t h e  a id  of  a m e t h o d  w i d e l y  a p p l i e d  in  b o u n d -  

a r y  l a y e r  t h e o r y  ( s ee ,  f o r  e x a m p l e ,  [4]) .  I f  ~*~d i s  t h e  

v a l u e  of  t h e  v i s c o s i t y  c o e f f i c i e n t  f o r  p a r t i c l e s  of  t h e  
g i v e n  k i n d  n e a r  t h e  l o w e r  p l a t e ,  t h e n ,  in  p l a c e  of  
(3 .3 ) ,  we  c a n  a c c e p t  t h e  a p p r o x i m a t e  r e l a t i o n  

P'~ ~ . C  T C = =)~*/ ' .  ( 3 , 4 )  
P'ad T d 

I t  i s  m o r e  c o n v e n i e n t  to  c o n t i n u e  f u r t h e r  a n a l y s i s  

in  d i m e n s i o n l e s s  v a r i a b l e s  i n t r o d u c e d  b y  t h e  f o r m u l a s  

v,~ = v~~ n = n~ T = T~ 
n a ~makTd~/' ndkT d 

P x u ~ = P x v  ~  2n I naU, P ~ =  Pvv ~  

o % na (kTd),/, ' 

o na I O  na n d k~Ta 2 
I5,, = I6  - 7  ndkl 'dU,  I ~  = ~ ,n~ , 

Eu = E~~ ~ ~,~ ~o - ' - i f -  \ ~ /  , y = y~ ( 3 . 5 )  

w h e r e  v i s  a p o s i t i v e  c o e f f i c i e n t  s t i l l  u n d e t e r m i n e d  
(it  w i l l  b e  s h o w n  l a t e r  t h a t  v c o r r e s p o n d s  to t h e  a v e r -  

a g e  s p a t i a l  v a l u e  of  d i m e n s i o n l e s s  d e n s i t y ) .  T h e  t r a n s -  

f o r m e d  e q u a t i o n s  w i l l  c o n t a i n  a n u m b e r  of  d i m e n s i o n -  

l e s s  p a r a m e t e r s ,  i n c l u d i n g  

U ( rna ~% Uaman d eE,a 

4~enaa 16 1 + D 2 Ra 

e E .  ~ --  15 K ~ x  (l + D)~ CM~" 
( 3 . 6 )  

I f  t h e  v i s c o s i t y  c o e f f i c i e n t  i s  e x p r e s s e d  b y  f o r m u l a  

(3 .3 ) ,  t h e  p a r a m e t e r  /3 w i l l  no t  d e p e n d  on  t h e  t y p e  o f  

p a r t i c l e .  
L e t  u s  r e s t r i c t  o u r s e l v e s  to  t h e  c a s e  o f  s m a l l  ion  

M a c h  n u m b e r s  in  w h i c h  t e r m s  of  t h e  o r d e r  of  M~ c a n  

b e  n e g l e c t e d  a s  c o m p a r e d  w i t h  t e r m s  o f  t h e  o r d e r  o f  

u n i t y .  M o r e o v e r ,  l e t  D = O (1), t / =  O (1). Wi th  t h e s e  
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r e s t r i c t i o n s ,  Eqs .  (2.7) and (1.5) a r e  t r a n s f o r m e d  to 
the  fo rm (the s u p e r s c r i p t  i s  omi t t ed  fo r  d i m e n s i o n l e s s  
quan t i t i e s )  

dy ~ ~ -  dy ' 

dPul ~ ~ dE u dq~ ~ O, 
du = 2 ~ -  E~  ~ , d--ff 

dl'-, T dE u 15 nv~Px~  , 
W = -~- v~E,, ~,j 16 " 

d E .  Z D -  1 dls - - 3  ~--- T E  v d . E , ,  t5 
- -  e a y  8 nv~q, , .  ~ --- nw t + D  

(3.7) 

If we subs t i tu t e  into Eqs.  (3.7) the  e x p r e s s i o n s  
(2.10) r educed  to d i m e n s i o n l e s s  f o r m  by f o r m u l a s  
(3.5) and s imp l i f i ed  for  the c a s e  M} << 1, then i t  b e -  
c o m e s  c l e a r  tha t  the  s y s t e m  obta ined  d e c o m p o s e s  
into two; that  i s ,  d e t e r m i n a t i o n  of  the  d e n s i t i e s ,  t e m -  
p e r a t u r e s ,  and e l e c t r i c  f ie ld  in t ens i ty  can be ach ieved  
independen t ly  of  the  d e t e r m i n a t i o n  of  v e l o c i t i e s .  

4. We now in t roduce  a new independent  v a r i a b l e  

Y 

I1 = f n d y  , (4.1) 
o 

Now, the  f i r s t ,  t h i rd ,  fourth,  s ixth,  and seventh  
equa t ions  of  s y s t e m  (3.7)  t ake  the  f o r m  (~r - T) 

n~a, = n~z~ (4.2) 

d'-n [nxzt (a, + Z~)] = 2 ~ Eu , (4.3) 

/ ' t lZ l  ( ~ 1  - -  61~)  = a ~  = const, (4.4)  

d 

12 T nxz:t (z~ + zz) dEu 3 
(4.5) 

dE~ (b ZD-- I )  (4.6)  d--~ ---- veb  \ ---- -]--~-~ /" 

I n t e g r a t i n g  Eq.  (4.6),  we ob ta in  

E~ = veb, l + E',  (4. 7) 

w h e r e  E '  i s  the  cons t an t  of i n t e g r a t i o n  d e t e r m i n e d  
f r o m  the bo tmdary  cond i t ions  for  Ey.  A f t e r  th i s ,  Eq. 
(4.3) y i e l d s  

= vTb (~'eb~l ~ + 2E'~I) + a s ~ a s + g (q) (4.8)  

With the  p u r p o s e  of t r a n s f o r m i n g  Eq.  (4.5)  to a 
m o r e  conven ien t  f o r m ,  we note that ,  t ak ing  (4.2)  into 
c o n s i d e r a t i o n ,  the  a v e r a g e  t e m p e r a t u r e  of  the  p l a s m a  
i s  e x p r e s s e d  a s  

T = rtlzl (~1 + ~ )  = z l z ~ .  ( 4 . 9 )  

In addi t ion ,  we ob ta in  f r o m  Eqs .  (4.4) and (4.5)  

Making use  o f  (4.9),  a l so  (4.7),  (4.8),  and (4.10), 
we can  r e p r e s e n t  Eq. (4.5) in the  f o r m  (p r imed  quan-  
t i t i e s  a r e  d e r i v a t i v e s  with r e s p e c t  to ~/) 

T' f "  ( a , + g )  - - ' ~ t a , +  g ) ' r - -  

a,' (a, + D" 3 (4.1 I )  (c, ,+g),  + T v [  t ~  = O. 

I n t e g r a t i o n  o f  the  l i n e a r  equa t i o n  (4 .1 1 )  y i e l d s  

= - -  ~ a.,' (as -4- g)-' -- T 

3 g)'/' r , -- T ",'~a (as + 01) + at (~ + g),/, (4.12) 
-r 

F (n) = ~ [a~ + g (.q)]-'l, d.q, 

w h e r e  ~4 i s  a new cons t an t  of i n t eg ra t i on .  
I t  i s  not d i f f icu l t  to f ind or 1 and if2 (the s ign p r e c e d -  

ing the r a d i c a l  i s  s e l e c t e d  f rom the condi t ion  al + ~2 >- 
-> 0) f r o m  (4.12) with the  a id  of (4.9) and (4.10): 

z,  = [a3 + g (,1)1-~ [ ~  (~) - -  -~-],  

z ,  = [a,  + ~ ( 'm- '  [ ~  ('~) + ~ - ] ,  . ( 4 . 13 )  

(~) = ] / _  , / , ,~ ,  _ @ ,  (~  + g).v. r (,i) + o~, (~,~ + g)"~." 

A f t e r  th i s ,  one can  find the va lue s  nt, n 2 and the 
a v e r a g e  d i m e n s i o n l e s s  de ns i t y  of the  p l a s m a  n with  
the  a id  of (4.2) and (4.8) .  M o r e o v e r ,  the  dens i ty  can  
be e x p r e s s e d  as  fo l lows f r o m  Eqs .  (4.8) and (4.9): 

n a, + g (,1) = ~ '  (4.14) 

w h e r e  T(~) i s  d e t e r m i n e d  a c c o r d i n g  to (4.12).  
The cons t an t s  ~2, ~ ,  and ~4 inc luded in e x p r e s -  

s ions  (4.12),  (4.13),  and (4.14) can  be  found with  the  
a id  of the  group of b o u n d a r y  condi t ions  (3.2) a s s o -  
c i a t ed  with t e m p e r a t u r e  and p r e s s u r e .  In th i s  case ,  
the  coe f f i c i en t s  X and v [ r e f e r  to F ig .  1 and the l a s t  
of the  f o r m u l a s  (3.5)] can  a lways  be  chosen  so tha t  
the  u p p e r  p l a t e  c o r r e s p o n d s  to the  va lue  7/= 1/2 and 
the l o w e r  one to the  va lue  ~? = - 1 / 2 .  Thus,  the  bound-  
a r y  cond i t ions  used  a t  t h i s  s t age  a r e  of the f o r m  

cq (%) = I /~,  o, ( -  %) = I ,  n~ ( -  %) = t .  (4.15) 

In f o r m u l a  (4.12),  we se t  70 = - 1 / 2  and in t roduce  
the  no ta t ion  

t t t , , _t/i 
a 3 §  a , - - a , a , ,  a , = a ,  (a,) , 

a g = g (%) - g ( -  'I,). 

With the a id  of  f o r m u l a s  (4.8),  (4.10),  and (4.12), 
a l so  the  second and th i rd  b o u n d a r y  cond i t ions  of (4.15), 
we ob ta in  

t 
(19 ~ 2 ~ { l a ' ~  ~ r  ~--- 

r (4.10) lua~ ----a I ~ In(as -- 2) 2. (4.16) z ' = ~ + a , + g ( ~  ) '  = i - - a ( +  5 " , ~ b , 



JOURNAl .  OF APPLIED MECHANqCS AND TECXNIC %L P}~S[CS  !7 

Dar the r ,  a f t e r  subs t i tu t ing  ~ e  f i r s t  of the cond i -  
t ions  of  (4.15) into fo rmula  (4.12), we obta in  tim equa-  
t ion 

. ~ (  <~,' ~ a . ~ '  , . 
~-7-4-~7) a ( = +  ~_ ~ ~7-~--~7 -(:x~ 4 At ' ; / '  [ ' . ,  c";-)., -- T i - t  

( a., )-v. "" . - 0 .  , 4 .  I : , '  " '  

The quan t i t i e s  c~ and a~ a r e  e x p r e s s e d  through 
c~ by f o r m u l a s  (4.16) so that  t h e r e  r e m a i n s  one un-  
known ce~ in Eq. (4.17).  In the g e n e r a l  c a s e ,  th is  
equat ion wil l  be t r a n s c e n d e n t a l  s ince  ce~ f igu re s  i m -  
p l i c i t l y  in the  e x p r e s s i o n  F (1 /2 )  and the function P@) 
[ r e f e r  to (4.12)] can be r e p r e s e n t e d  in e l e m e n t a r y  
f o r m  only fo r  a c e r t a i n  fo rm g@); thus,  in o r d e r  to 
so lve  Eq. (4.17), i t  is  e s s e n t i a l  to apply  some  ap -  
p r o x i m a t e  me thod .  

5. Af t e r  d e t e r m i n i n g  the quant i t i es  ~r,, %, n,, and 
n 2, i t  i s  n e c e s s a r y  to go on to d e t e r m i n i n g  Vxi and Vxv 
tu rn ing  to the  second  and fifth equat ions  of  s y s t e m  
(3.7) fo r  th is  p u r p o s e .  With the aid of the s a m e  t r a n s -  
f o r m a t i o n s  a s  those  used in obtairAng Eqs.  ( 4 . 2 ) - ( 4 . 6 L  
the equa t ions  unde r  c o n s i d e r a t i o n  can be r e p r e s e n t e d  
in the f o r m  

d d---4" [n,<~, (~v~, + ,=v~,)! = 

= + ==). (5 .2 )  

It should be bo rne  in mind that  the a v e r a g e  v e l o c i t y  
of the  tons  i s  e x p r e s s e d  as  

?ll l lXi -~ n2~9c I 

v~ nl + n~ 

Taking  th i s  f o r m u l a  into c o n s i d e r a t i o n ,  Eq ( 5 . 2 )  

can  be r educed  to the f o r m  

dvx / dr~ = 

a~ §  " " 

Equatior~ (5.3) can be  i m m e d i a t e l y  i n t e g r a t e d  to 
y ie ld  

K~-77vT~ + a: 

2 a~ !.-7-) vl 'b .~ (a~ 4--'g) ~ 

"8 f _ _  

With the  a s s u m p t i o n s  we have  m a d e ,  the  d i m e n -  
s i o n l e s s  form for writing the boundary conditions for 
the velocities is a s  follows: 

vx, dl=) = % ,  v=, ( - % )  = - % . 

If  we m~ke use of r e l a t i on  (5.1) and the r e s u l t s  ob-  
t a ined  previously, the boundary conditions for Lhe av- 
erage veiocity can be represented in the form 

r,. ( y , ,  = T + ~' X - - - -  ~ 4  i ~'}V ..... ' 

(5. 5 ) 

The constanLs c~ and ~2 f igur ing  in formula (5.4) 
and the quantities still unknown can be found without 
difficulty with the aid of the boundary conditions (5.5). 

6. With the aid of (4~ 14), the transition to the di- 

mensionless physical v a r i a b l e  3" is performed using 
Lhe formula 

o 

(6~ 

w h e r e  T@) i s  e x p r e s s e d  a c c o r d i n g  t o  (4.13).  In the 
g e n e r a l  case ,  the i n t e g r a l  in the r ight  s ide  of f o r m u l a  
(6.1) should be d e t e r m i n e d  n u m e r i c a l l y .  It is  not d i f -  
f icu l t  to s e e  tha t  the p r e v i o u s l y  in t roduced  coe f f i c i en t s ,  
v and X, wi l l  now be  e x p r e s s e d  as  

" ( '0  J ' ~--~/T-.)" 
i 0 

(6.2) 

We shall now compute the average value of the num- 

ber density (n) of the plasma by the width of the flow 
between the plates~ 

<~ = ( ~  i < - ' = "  t =".  
(~ )!,,, (;~-.t)/,, - "  

Clearly, the quantity v has a defimte physical sense 

and is proportional to the average spatial value of the 

density. As for the quantity k, it characterizes the in- 
homogeneity of Lhe density distribution; if X < 1/2, 

then the average value of the density in the upper pa~ 
of the flow region (y > 0) is greater than in the lower 
part, but if X > i/2, then the increase in density is in 

the vicinity of the lower plate~ 
It should be noted that in the formulas we derived 

for the density, temperai:ure~ and velocity, some of 
the dimensionless parameters appear with the factor 
v, and this quantity, as can be seen, is itself deter- 

mined from the solution of the problem. On the other 

hand, it was shown in fo:~m~ating the boundary condi- 

tions (3.2), that the quantity n d was also previously 

m~nown and should be determined essentially on the 

basis of the assignment of the average density over 
the width of the flow <n). If the quantity v is found, then 

as c a n  be s e e n  f r o m  forn~.ula (6~ 3)~ 

~.~ = <n) v 4 o 

Consequently, the factor v can be excluded from all 

results if (n), not n d is accepted as the characteristic 
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v a l u e  o f  t h e  d e n s i t y  in  f o r m u l a s  ( 3 . 5 )  a n d  ( 3 . 6 ) .  In  

t h i s  c a s e ,  h o w e v e r ,  t h e  b o u n d a r y  c o n d i t i o n  f o r  t h e  

d e n s i t y  o f  r e f l e c t e d  p a r t i c l e s  n 2 w o u l d  b e  c h a n g e d .  

with this, we-can conclude the description of the general scheme 
for solving the problem of Couette plasma flow. The case • = T u f t  d = 
= 4 was considered as an example of the application of this scheme. 

#.4 

0J p 
g.1 g.5 t 5 10 50 

Fig. 4 

As was pointed out, the average velocity of the ions is considered to 

be considerably lower than the corresponding speed of sound, and the 

parameter 3 [the principal rarefaction parameter, refer to (3.6)] can 

take any values from 0 to ~o. In addition, when the degree of rarefac- 

tion is changed, then, generally speaking, the other dimensionless 

parameters will change; for example, ~/. ~, and b. In order to estab- 

lish just how they will change, we assume that the quantity $ changes 

only due to density when the values of the temperature and the veloci- 

ties of the plates are held constant. If, in this case, the value of E* 

also remains constant, this implies that one can consider that ~' = eonst. 

On the other hand, we have 

liTfnda2e2 a2 
e T -- k T  d = rD-'-. ~ �9 

Here r D is the Debye-H~ickel radius. Under the assumption made 
above, the value of a / r  D is proportional to ] /~  and if we take account 
of the constancy of the parameter y, it is necessary to consider that 

As for the quantity b, it should depend on a / r  D and vanish when 
a / r  D ~ co. Consequently, one can set, for example, 

b = hoe -~ ~ , 

where b 0 and O are certain given constants. 
As noted, the parameters $t = v3, h = vT, and ~1 = vs take the 

place of $, 7, and ~ in the equations we need. For the sake of sim- 
plicity in carrying out the computations, we have set 

~x = const = t, el = ~1 

b = --  a/se- r  E'  = - -  5/a �9 

Figures 2 and 3 show the velocity and temperature profiles ob- 
tained under the above-mentioned conditions for several values of the 
rarefaction parameter 3. As might be expected, in the limiting case 
5 -~ ~o, the profiles coincide with the corresponding profiles for ordi- 
nary Couette flow with compressibility taken into consideration. 

Making use of the dimensional notation of the tangential stress 
Pxyi, the local coefficient of friction can be determined as 

2P:rlti t q-b (2~.~ IV' [(2~ ~V' -}-~,]* (6.4) 
CI = - -  mindU~ - -  - -  (t + Z) ~1 i \ U ] L\ ~r / 'vTb~ 

Unlike hydrodynamic Couette flow, the coefficient of friction is 
found to vary over the width of the flow region. When comparing 
various flow regimes, the Mach number is considered to be a con- 
stant, thus by using the subscript 0 to denote the values corresponding 
to the case of collisionless flow when ~ = 0 for conditions on the lower 
plate (~/= -1/2) ,  we obtain 

Ct l + b  l ; ~ v ~ b - - ~  

C to - -  i q- bo u ~/2• Cqo ~ 

The graph showing the ratio C f / G f o  as a function of $ is shown in 
Fig. 4. The Stanton number has been taken here as the heat transfer 
characteristic. 

%1e 
= m ~ % % , d  ( T  d - -  T~)  = 

= - - x - - \ , n  e ] 2-~-t l / 2 ~ M i ( l _ _ Z )  

A graph of the variation of the quantity S/S 0 is also given in Fig. 4. 
The curves of the variation of the coefficients of friction and heat 

transfer in Gouette plasma flow do not contain any essential singulari- 
ties, and at high values of f5 behave just like the corresponding curves 
for a neutral gas. 
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